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ON SOME FREE ALGEBRAS OF ORTHOGONAL MODULAR FORMS
HAOWU WANG AND BRANDON WILLIAMS
Abstract. For 25 orthogonal groups of signature (2, n) related to the root lattices A1, 2A1, 3A1,
4A1, A2, A3, A4, A5, A6, A7, D4, D5, D6, D7, D8, E6, E7, we prove that the algebras of modular
forms on symmetric domains of type IV are freely generated by the additive lifts of some special
Jacobi forms. The proof is universal and elementary.
1. Introduction
It is an interesting problem to determine the structure of the algebras of automorphic forms on
symmetric domains D of dimension greater than 2. The simplest possible structure is that of a free
algebra, but free algebras of modular forms are relatively rare. In general, the algebra of modular
forms M∗(Γ) for a congruence group Γ acting on D is freely generated if and only if the Satake-
Baily-Borel compactification (D/Γ)∗ is a weighted projective space. Equivalently, if A denotes the
affine cone over D, thenM∗(Γ) is free if and only if (A/Γ)
∗ is nonsingular. It is known, for example,
that algebras of modular forms for orthogonal groups of signature (2, n) never satisfy this condition
when n > 10 [SV17]. There is a classification of free algebras of Hilbert modular forms in [Stu19],
which shows that the free algebras of modular forms for orthogonal groups of signature (2,2) are
very rare.
The first example of such an algebra was found by Igusa, who proved in [Igu62] that the algebra
of even-weight Siegel modular forms of genus 2 is freely generated by forms of weights 4, 6, 10,
12. Siegel modular forms of genus 2 can be realized as modular forms for the orthogonal group
O(2, 3). After Igusa, several other authors constructed free algebras of O(2, n)-modular forms,
e.g. [AI05, Aok00, DK03, DK06, Klo05, Kri05, Woi18] using the theory of modular forms and
[FH00, FS07, HU14, Vin10, Vin13, Vin18] using more geometric methods. As a continuation of
this type of work, in this paper we prove that the spaces of modular forms for 25 orthogonal groups
are free algebras in a universal way. Our approach is new and gives a general rule to characterize
the weights of generators.
1.1. Orthogonal modular forms. Orthogonal modular forms are automorphic forms on sym-
metric domains of type IV for orthogonal groups of signature (2, n). Let M be an even lattice of
signature (2, n) with n ≥ 3 and M∨ be its dual lattice. The Hermitian symmetric domain of type
IV is defined as
D(M) = {[Z] ∈ P(M ⊗ C) : (Z,Z) = 0, (Z, Z¯) > 0}+,
where the symbol + means that we choose one of the two connected components. Let O+(M) <
O(M) be the subgroup preserving the component D(M).
Definition 1.1. Let Γ be a finite index subgroup of O+(M). A modular form of weight k ∈ N for
Γ is a holomorphic function on the affine cone
A(M) = {Z ∈M ⊗ C : [Z] ∈ D(M))}
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of D(M) satisfying
F (tZ) = t−kF (Z), ∀t ∈ C∗,
F (gZ) = F (Z), ∀g ∈ Γ.
The space of modular forms of weight k is a finite-dimensional complex vector space and we
denote it by Mk(Γ). We know from [BB66] that the graded algebra
M∗(Γ) =
∞⊕
k=0
Mk(Γ)
is finitely generated over C. Moreover, the projective variety Proj(M∗(Γ)) coincides with (D(M)/Γ)
∗
which is the Satake-Baily-Borel compactification of D(M)/Γ. In particular, if M∗(Γ) is a free alge-
bra generated by n+ 1 forms of weights k1, k2, ..., kn+1, then (D(M)/Γ)
∗ is a weighted projective
space with weights (k1, k2, ..., kn+1).
1.2. Main results. We focus on the particular case M = II2,2⊕L(−1), where II2,2 = II1,1⊕ II1,1,
II1,1 is a hyperbolic plane, and L is an even positive definite lattice. Let O˜
+
(M) denote the
discriminant kernel, which is the kernel of the natural homomorphism O+(M)→ O(M∨/M).
We assume that O˜
+
(M) < Γ. At the standard one-dimensional cusp determined by II2,2, the
symmetric space D(M) can be realized as the tube domain
H(L) = {Z = (τ, z, ω) ∈ H× (L⊗ C)×H : (ImZ, ImZ) > 0},
where (ImZ, ImZ) = 2 Im τ Imω − (Im z, Im z)L. We consider the Fourier expansion of orthogonal
modular forms on the above tube domain. The Fourier-Jacobi coefficients are in fact holomorphic
Jacobi forms associated to the lattice L (see e.x. [CG13] for the theory of Jacobi forms in many
variables). We notice that there is a nice structure result due to Wirthmu¨ller about Jacobi forms.
Wirthmu¨ller [Wir92] proved that the spaces of weak Jacobi forms invariant under the Weyl group
are free algebras for all irreducible root systems except E8. This type of Jacobi forms is called
Weyl invariant Jacobi forms. Let R be an irreducible root system of rank r and not of type E8.
Let LR and W (R) denote the generated root lattice and the Weyl group. When LR is an odd
lattice, we equip LR with the normalized bilinear form 2(·, ·) rescaled by 2. The spaces of Weyl
invariant weak Jacobi forms of type R is freely generated by r+1 forms φj over the ring of SL2(Z)
modular forms. We denote the weight and index of φj by −kj and mj for 1 ≤ j ≤ r + 1. In view
of the relation between Jacobi forms and orthogonal modular forms linked by the Fourier-Jacobi
expansion, we guess that there should be some connection between free algebras of Jacobi forms
and orthogonal modular forms. Our main result is the following theorem which illuminates the
mysterious connection.
Theorem 1.2. Let R be a root system of type Ar(1 ≤ r ≤ 7), Br(2 ≤ r ≤ 4), Dr(4 ≤ r ≤ 8),
Cr(3 ≤ r ≤ 8), G2, F4, E6, or E7. We define ΓR < O
+(II2,2⊕LR(−1)) as the subgroup generated
by O˜
+
(II2,2⊕LR(−1)) and W (R). Then the graded algebra M∗(ΓR) is freely generated by r + 3
forms of weights 4, 6, and −kj + 12mj , 1 ≤ j ≤ r + 1.
The groups ΓR and the weights of generators are listed in Theorem 5.9. We explain the proof of
the theorem. Firstly, the Fourier-Jacobi coefficients of any modular form for ΓR are Weyl invariant
holomorphic Jacobi forms of type R. Suppose there exist the following r+3 modular forms for ΓR:
(a) Two modular forms E˜4 and E˜6 of weights 4 and 6 whose first Fourier–Jacobi coefficients
are respectively the Eisenstein series E4 and E6 on SL2(Z);
(b) r + 1 modular forms Φj ∈ M−kj+12mj (ΓR) whose first nonzero Fourier-Jacobi coefficients
are ∆mjφj in their m
th
j term, where ∆ is the normalized cusp form of weight 12 on SL2(Z).
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Then we can kill the first Fourier-Jacobi coefficients of a given modular form by a polynomial
combination of the above r + 3 functions. If the first n Fourier-Jacobi coefficients of a modular
form are zero (for a certain n which depends on the structure of the ring of weak Jacobi forms)
then it is identically zero. We use this to conclude that the spaceM∗(ΓR) is generated by the above
r+ 3 functions and hence a free algebra. We are able to construct the modular forms of the above
form for all root systems listed in the theorem. This completes the proof.
Some cases of Theorem 1.2 are already known. The A1 case is Igusa’s result. The A2 and B2
cases were first proved in [DK03, DK06] in the context of Hermitian modular forms. The B3 and
C3 cases were proved in [FH00] and in [Klo05] by different methods. The B4 case was studied in
[Kri11]. The Bn-tower was also considered systematically in [Woi18]. Krieg [Kri05] worked out
the D4 case in the context of quaternionic modular forms. Making use of the interpretation of
orthogonal modular varieties as moduli spaces of lattice polarized K3 surfaces, Vinberg determined
the structure of orthogonal modular forms for the Dn-tower in [Vin10, Vin18], but Vinberg does
not construct generators. In this paper we prove that the additive lifts of Jacobi Eisenstein series
are generators in the most complicated cases D8, E6, and E7. To the authors’ knowledge the cases
A4, A5, A6, A7, E6, E7 are new.
As a direct consequence, we obtain the modularity of formal Fourier–Jacobi expansions for all
cases in our theorem (see Corollary 4.4). This property is useful to prove that certain arithmetic
generating series are modular forms and is known to hold for Siegel modular forms [BR15]. For
orthogonal modular forms it was previously only known in the A1 case (see [Aok00]).
The layout of this paper is as follows. In §2 we introduce Weyl invariant Jacobi forms and recall
Wirthmu¨ller’s theorem. In §3 we estimate the upper bound of the dimension of orthogonal modular
forms using Jacobi forms. In §4 we explain why the existence of modular forms of types (a) and
(b) implies the above theorem. The existence of the desired modular forms is proved in §5, which
completes the proof of our main theorem.
2. Weyl invariant Jacobi forms
In this section we introduce Weyl invariant Jacobi forms and Wirthmu¨ller’s structure result. Let
R be an irreducible root system of rank r. The classification of R is as follows (see [Bou60])
An(n ≥ 1), Bn(n ≥ 2), Cn(n ≥ 3), Dn(n ≥ 4), E6, E7, E8, G2, F4.
Let LR and W (R) be the root lattice and Weyl group generated by R respectively. When LR is an
odd lattice, we rescale its bilinear form by 2. Thus LR is always an even positive definite lattice
and we denote its (rescaled) bilinear form by 〈·, ·〉.
Weyl invariant Jacobi forms are Jacobi forms of lattice index that are invariant under the action
of the Weyl group of R on the abelian variable. These Jacobi forms appear in the Fourier–Jacobi
expansions of orthogonal modular forms. We refer to [Gri94, CG13] for the theory.
Definition 2.1. Let ϕ : H × (LR ⊗ C) → C be a holomorphic function and k ∈ Z, t ∈ N. If ϕ
satisfies the following properties
ϕ(τ, σ(z)) = ϕ(τ, z), σ ∈W (R),
ϕ(τ, z + xτ + y) = exp (−tπi[〈x, x〉τ + 2〈x, z〉])ϕ(τ, z), x, y ∈ LR,
ϕ
(
aτ + b
cτ + d
,
z
cτ + d
)
= (cτ + d)k exp
(
tπi
c〈z, z〉
cτ + d
)
ϕ(τ, z),
(
a b
c d
)
∈ SL2(Z),
and if its Fourier expansion takes the form
ϕ(τ, z) =
∞∑
n=0
∑
ℓ∈L∨
R
f(n, ℓ)e2πi(nτ+〈ℓ,z〉),
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then ϕ is called aW (R)-invariant weak Jacobi form of weight k and index t. If f(n, ℓ) = 0 whenever
2nt−〈ℓ, ℓ〉 < 0, then ϕ is called aW (R)-invariant holomorphic Jacobi form. We denote by J
w,W (R)
k,LR,t
and J
W (R)
k,LR,t
the vector spaces of W (R)-invariant weak and holomorphic Jacobi forms of weight k
and index t, respectively.
We introduce some notations appearing in Wirthmu¨ller’s theorem. The dual root system of R
is defined as
R∨ = {r∨ : r ∈ R},
where r∨ = 2(r,r)r is the coroot of r. Let α˜ denote the highest root of R
∨. All W (R)-invariant weak
Jacobi forms form a bigraded ring graded by weight and index
J
w,W (R)
∗,LR,∗
=
⊕
t∈N
⊕
k∈Z
J
w,W (R)
k,LR,t
.
Let M∗(SL2(Z)) be the graded ring of modular forms for SL2(Z). In 1992, Wirthmu¨ller proved the
following theorem.
Theorem 2.2 (see Theorem 3.6 in [Wir92]). If R 6= E8, then J
w,W (R)
∗,LR,∗
over M∗(SL2(Z)) is freely
generated by r + 1 W (R)-invariant weak Jacobi forms of weight −kj and index mj
φ−kj ,R,mj (τ, z), 1 ≤ j ≤ r + 1.
Apart from (k1,m1) = (0, 1), the indices mj are the coefficients of α˜
∨ written as a linear combi-
nation of the simple roots of R. The integers kj are the degrees of the generators of the ring of
W (R)-invariant polynomials, namely the exponents of the Weyl group W (R) increased by 1.
We formulate the weights and indices of these generators in Table 1. The generators for root
systems of types An, Bn and D4 were constructed in [Ber99]. The construction of generators for
root systems E6 and E7 was given in [Sak19]. We refer to [AG19] for the generators of type Dn
with 1 ≤ n ≤ 8. We remark that it was proved in [Wan18] that J
w,W (E8)
∗,E8,∗
is not a polynomial
algebra.
Table 1. Weights and indices of generators of Weyl invariant weak Jacobi forms
(Bn : n ≥ 2, Cn : n ≥ 3, Dn : n ≥ 4)
R L(R) W (R) (kj ,mj)
An An W (An) (0, 1), (s, 1) : 2 ≤ s ≤ n+ 1
Bn nA1 O(nA1) (2s, 1) : 0 ≤ s ≤ n
Cn Dn W (Cn) (0, 1), (2, 1), (4, 1), (2s, 2) : 3 ≤ s ≤ n
Dn Dn W (Dn) (0, 1), (2, 1), (4, 1), (n, 1), (2s, 2) : 3 ≤ s ≤ n− 1
E6 E6 W (E6) (0, 1), (2, 1), (5, 1), (6, 2), (8, 2), (9, 2), (12, 3)
E7 E7 W (E7) (0, 1), (2, 1), (6, 2), (8, 2), (10, 2), (12, 3), (14, 3), (18, 4)
G2 A2 O(A2) (0, 1), (2, 1), (6, 2)
F4 D4 O(D4) (0, 1), (2, 1), (6, 2), (8, 2), (12, 3)
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3. An upper bound of the dimension of orthogonal modular forms
In [Aok00], Aoki estimated the dimension of Siegel modular forms of genus 2 using the theory of
classical Jacobi forms due to Eichler and Zagier [EZ85]. We extend his idea to the general case of
orthogonal modular forms. We give an upper bound of the dimension of orthogonal modular forms
in terms of the dimensions of Jacobi forms, which will be used later.
Let M = II2,2⊕L(−1) and Γ = 〈O˜
+
(M),W 〉, where W is a subgroup of O(L) containing O˜(L).
Let F be a modular form of weight k with respect to Γ with the trivial character. We consider its
Fourier and Fourier-Jacobi expansions
F (τ, z, ω) =
∑
n,m∈N,ℓ∈L∨
2nm−(ℓ,ℓ)≥0
f(n, ℓ,m)qnζℓξm
=
∞∑
m=0
φm(τ, z)ξ
m,
where q = exp(2πiτ), ζℓ = exp(2πi(ℓ, z)), ξ = exp(2πiω). Then φm ∈ J
W
k,L,m, i.e. φm is a W -
invariant holomorphic Jacobi form of weight k and index m associated to the lattice L. Moreover,
we have the symmetric relation
f(n, ℓ,m) = f(m, ℓ, n), ∀(n, ℓ,m) ∈ N⊕ L∨ ⊕ N.
For r ≥ 1, we define
Mk(Γ)(ξ
r) = {F ∈Mk(Γ) : φm = 0, for all m < r}
and
JWk,L,m(q
r) = {φ ∈ JWk,L,m : φ = O(q
r)},
here φ = O(qr) means that its Fourier coefficients f(n, ℓ) = 0 for all n < r and ℓ ∈ L∨. For
convenience, we also set Mk(Γ)(ξ
0) =Mk(Γ) and J
W
k,L,m(q
0) = JWk,L,m.
It is easy to check that the following sequence is exact:
0 −→Mk(Γ)(ξ
r+1) −→Mk(Γ)(ξ
r)
Pr−→ JWk,L,r(q
r),
where the map Pr sends F to its Fourier–Jacobi coefficient φr. From this, we deduce the inequality
dimMk(Γ)(ξ
r)− dimMk(Γ)(ξ
r+1) ≤ dimJWk,L,r(q
r).
Since dimMk(Γ) < ∞, it follows that Mk(Γ)(ξ
r) = {0} for sufficiently large r. If φ ∈ JWk,L,m(q
r),
then φ/∆r is a weak Jacobi form of weight k − 12r and index m. It follows that
dim JWk,L,m(q
r) ≤ dimJw,Wk−12r,L,m.
We then deduce
(3.1) dimMk(Γ) ≤
∞∑
r=0
dimJWk,L,r(q
r) ≤
∞∑
r=0
dimJw,Wk−12r,L,r.
In some particular cases, the last sum in (3.1) is a finite sum. More precisely, if there exists a
positive constant δ less than 12 such that the Jacobi forms associated to L satisfy the condition
(3.2) Jw,Wk,L,m = {0} if k < −δm,
then (3.1) can be improved as follows:
(3.3) dimMk(Γ) ≤
k
12−δ∑
r=0
dim Jw,Wk−12r,L,r.
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It is enough to check this condition on a system of generators for Jw,W∗,L,∗. For example, by Table 1,
we can take δ = 5 in the case of W (E7)-invariant Jacobi forms.
4. The shape of generators of free algebras
In this section, we introduce a universal and elementary method to prove that the space of
orthogonal modular forms is a free algebra when the associated bigraded ring of Jacobi forms is
free and there exist certain special modular forms (i.e. the modular forms of types (a) and (b) in
section 1.2).
LetW be a subgroup of O(L) containing O˜(L). We assume that the bigraded ring Jw,W∗,L,∗ is freely
generated as a M∗(SL2(Z))-algebra by the forms
φi := φ−ki,mi ∈ J
w,W
−ki,L,mi
, 1 ≤ i ≤ rank(L) + 1.
Let M = II2,2⊕L(−1) and define the congruence subgroup Γ = 〈O˜
+
(M),W 〉. We formulate the
following assumption.
Assumption 4.1. There exist modular forms E˜4, E˜6 and Φi, 1 ≤ i ≤ rank(L) + 1 satisfying the
following conditions:
(1) E˜4 ∈M4(Γ) and E˜6 ∈M6(Γ), and their first Fourier–Jacobi coefficients are respectively the
Eisenstein series E4 and E6 on SL2(Z).
(2) Φi ∈M−ki+12mi(Γ) has Fourier–Jacobi expansion
Φi = (∆
mφi)ξ
mi +O(ξmi+1).
Proposition 4.2. If Assumption 4.1 holds, then M∗(Γ) is a free algebra over C generated by E˜4,
E˜6 and Φi, 1 ≤ i ≤ rank(L) + 1.
Proof. Let F =
∑∞
m=0 fmξ
m ∈ Mk(Γ). Then f0 ∈ Mk(SL2(Z)) and there exists a polynomial P0
over C in two variables such that f0 = P0(E4, E6). It follows that
F1 := F − P0(E˜4, E˜6) =
∞∑
m=1
fm,1ξ
m ∈Mk(Γ)(ξ
1),
and fm,1 ∈ J
W
k,L,m(q) for m ≥ 1.
Now let r ≥ 1 and suppose a form Fr =
∑∞
m=r fm,rξ
m ∈ Mk(Γ)(ξ
r) is given. Since fr,r ∈
JWk,L,r(q
r), it follows that fr,r/∆
r ∈ Jw,Wk−12r,L,r. Therefore there exists a polynomial Pr over C in
rank(L) + 3 variables such that fr,r = ∆
rPr(E4, E6, φi), which yields
Fr+1 := Fr − Pr(E˜4, E˜6,Φi) =
∞∑
m=r+1
fm,r+1ξ
m ∈Mk(Γ)(ξ
r+1),
and fm,r+1 ∈ J
W
k,L,m(q
r+1) for m ≥ r + 1. Indeed, let
ϕ = Ea4E
b
6
rank(L)+1∏
i=1
φcii
be any monomial in Pr. By considering the weight and index of ϕ, we find
4a+ 6b−
rank(L)+1∑
i=1
kici = k − 12r,
rank(L)+1∑
i=1
mici = r.
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We conclude that the first nonzero Fourier-Jacobi coefficient of
E˜a4 E˜
b
6
rank(L)+1∏
i=1
Φcii
is exactly ∆rϕ. Therefore the rth Fourier–Jacobi coefficient of Fr+1 is zero.
The proof follows by induction on r becauseMk(Γ)(ξ
r) is trivial when r is sufficiently large. The
algebraic independence of the r + 3 generators over C follows from the algebraic independence of
the r + 1 basic weak Jacobi forms over M∗(SL2(Z)). 
From the above proof, it is easy to derive the following corollary.
Corollary 4.3. Suppose that Assumption 4.1 holds. For any weak Jacobi form φ ∈ Jw,Wk,L,m, there
exists a modular form of weight k + 12m for Γ whose first nonzero Fourier-Jacobi coefficient is
(∆mφ) · ξm. Moreover, we have the equality
dimMk(Γ) =
∞∑
r=0
dimJw,Wk−12r,L,r.
In particular, Jw,Wk−12r,L,r = {0} for sufficiently large r.
Let k be a positive integer. A formal series of holomorphic Jacobi forms is an element
Ψ(Z) =
∞∑
m=0
ψmξ
m ∈
∞∏
m=0
JWk,L,m.
We call Ψ a formal Fourier-Jacobi expansion of weight k if it satisfies
fm(n, ℓ) = fn(m, ℓ), m, n ∈ N, ℓ ∈ L
∨,
where fm(n, ℓ) are Fourier coefficients of ψm. We denote the space of such expansions by FMk(Γ).
As a direct consequence, we obtain the modularity of formal Fourier-Jacobi expansions:
Corollary 4.4. Suppose that Assumption 4.1 holds. Then FMk(Γ) = Mk(Γ) for any k ∈ N. In
other word, every formal Fourier-Jacobi expansion is convergent on the tube domain H(L) and
defines an orthogonal modular form.
Proof. Firstly, the Fourier-Jacobi expansion of modular forms gives the following injective map
Mk(Γ)→ FMk(Γ), F 7→ Fourier-Jacobi expansion of F.
Using a similar argument as in the previous subsection, we get dimFMk(Γ) ≤
∑∞
r=0 dimJ
w,W
k−12r,L,r.
We then prove the surjectivity of the above map by Corollary 4.3. 
We remark that the modularity of formal Fourier-Jacobi expansions is known for Siegel modular
forms [BR15]. The result of [BR15] is a key step in the proof that certain generating series from
arithmetic geometry are in fact modular forms.
5. Free algebras related to root systems
In this section we prove our main theorem. In fact, we show that all cases of Theorem 1.2 satisfy
Assumption 4.1. We use the additive (Gritsenko) lift, i.e. the generalization of the Saito–Kurokawa
lift to higher-rank lattices, to construct orthogonal modular forms. This sends a holomorphic
Jacobi form φ of weight k and index 1 associated to a lattice L to a modular form of weight k
on O˜
+
(II2,2⊕L(−1)). If the constant term f(0, 0) of φ is not zero, then the first Fourier–Jacobi
coefficient of the additive lift of φ is the SL2(Z)-Eisenstein series of weight k. If f(0, 0) = 0, then the
first nonzero Fourier–Jacobi coefficient of the additive lift is φ itself. We refer to [Gri94, Theorem
3.1] (or [CG13, Theorem 3.2]) for more details of additive lifts.
5.1. The cases An, Bn, G2 and C3. We first consider root systems An and Bn. In these cases,
all generators of Weyl invariant Jacobi forms have index 1. Therefore it is easy to construct the
desired orthogonal modular forms in Assumption 4.1.
(1) Let R = Bn with 2 ≤ n ≤ 4. The generated root lattice is the odd lattice Z
n. After
rescaling the bilinear form by 2, LR becomes the root lattice nA1.
It is clear that W (Bn) = O(nA1). The natural homomorphism O(nA1)→ O(nA
∨
1 /nA1)
is surjective. Recall that O˜
+
(II2,2⊕nA1) is the kernel of the surjective homomorphism
O+(II2,2⊕nA1) → O(nA
∨
1 /nA1). Thus O
+(II2,2⊕nA1) is generated by O˜
+
(II2,2⊕nA1)
and O(nA1), which yields ΓR = O
+(II2,2⊕nA1(−1)). This argument holds for all root
lattices in Theorem 1.2. This helps us to calculate the groups ΓR.
The Fourier–Jacobi coefficients of modular forms on ΓR are W (Bn)-invariant Jacobi
forms. We know from Table 1 that J
w,O(nA1)
∗,nA1,∗
is a polynomial algebra over M∗(SL2(Z))
and all generators φi have index 1. The additive lifts of the Jacobi Eisenstein series of
weights 4 and 6 give the modular forms E˜4 and E˜6. It is easy to check that ∆φi are always
holomorphic Jacobi forms. The additive lifts of ∆φi give the modular forms Φi. Thus
Assumption 4.1 is satisfied.
(2) Let R = An with 1 ≤ n ≤ 7. In these cases, ΓR = O˜
+
(II2,2⊕An(−1)) because W (An)
is contained in the discriminant kernel O˜(An). We note here that O˜
+
(II2,2⊕A1(−1)) =
O+(II2,2⊕A1(−1)). It is known that J
w,W (An)
∗,An,∗
is a polynomial algebra over M∗(SL2(Z))
and all generators have index 1. Similarly, we conclude that Assumption 4.1 holds.
(3) Let R = G2. Then LR = A2, W (R) = O(A2), and ΓR = O
+(II2,2⊕A2(−1)). The Fourier–
Jacobi coefficients of modular forms on O+(II2,2⊕A2(−1)) are W (G2)-invariant Jacobi
forms. We know that J
w,O(A2)
∗,A2,∗
is a polynomial algebra over M∗(SL2(Z)) and the gener-
ators are φ0,A2,1, φ−2,A2,1 and φ−6,A2,2. We notice that φ−6,A2,2 can be chosen as φ
2
−3,A2,1
,
where φ−3,A2,1 is a generator of J
w,W (A2)
∗,A2,∗
. Thus the desired modular form Φ3 corresponding
to φ−6,A2,2 can be constructed as the square of the additive lift of ∆φ−3,A2,1. Therefore
Assumption 4.1 is satisfied.
(4) Let R = C3. Then LR = A3 ∼= D3, W (R) = O(A3), and ΓR = O
+(II2,2⊕A3(−1)). We
know that J
w,O(A3)
∗,A3,∗
is a polynomial algebra over M∗(SL2(Z)) generated by φ0,A3,1, φ−2,A3,1,
φ−6,A3,2 and φ−4,A3,1. Similarly, φ−6,A3,2 can be chosen as φ
2
−3,A3,1
, where φ−3,A3,1 is a
generator of J
w,W (A3)
∗,A3,∗
. In a similar way, we prove that Assumption 4.1 holds.
5.2. The cases Cn, Dn, and F4. Let 4 ≤ n ≤ 8. For R = Cn or Dn, we have LR = Dn. When
R = F4, we have LR = D4. It is known that W (Dn) is a subgroup of index 2 of W (Cn) and that
W (Cn)/W (Dn) is generated by the sign change for an odd number of coordinates of Dn ⊗C. It is
easy to check that
ΓDn = O˜
+
(II2,2⊕Dn(−1)), 4 ≤ n ≤ 8,
ΓCn = O
+(II2,2⊕Dn(−1)), 5 ≤ n ≤ 8,
ΓC4 = O
+
1 (II2,2⊕D4(−1)) := 〈O˜
+
(II2,2⊕D4(−1)), odd sign change of coordinates〉,
ΓF4 = O
+(II2,2⊕D4(−1)).
In these cases, the rings of Weyl-invariant Jacobi forms require generators of index larger than 1.
There is no direct way to construct the desired modular forms in Assumption 4.1 corresponding to
basic Jacobi forms of index larger than 1. To overcome this, we first construct the desired generators
for the root system C8 and then use the pullback trick to construct the desired generators for other
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Cn, Dn and F4. In order to construct the desired generators for C8, we first prove that the exact
dimension of the space of orthogonal modular forms coincides with the upper bound given in §3
when the weight is low. To prove this, we construct some linearly independent modular forms
as polynomials in the additive lifts of Jacobi Eisenstein series, which gives a lower bound for the
dimension. We then conclude the existence of the desired generators using an idea similar to
Corollary 4.3.
5.2.1. The case C8. We recall thatW (C8) = O(D8) and ΓC8 = O
+(II2,2⊕D8(−1)). There is a well-
known isomorphism between the spaces of Jacobi forms and vector-valued modular forms for the
Weil representation of SL2(Z), which is given by the theta decomposition (see [Gri94, Lemma 2.3]).
This isomorphism will be used very often later. We see from the theta decomposition that every
Jacobi form of index 1 for D8 is automatically invariant under W (D8), namely Jk,D8,1 = J
W (D8)
k,D8,1
.
The additive lift of any O(D8)-invariant holomorphic Jacobi forms of index 1 for D8 will be a
modular form on ΓC8 .
The Fourier expansions of O(D8)-invariant Jacobi Eisenstein series of lattice index D8 (i.e. index
1 for D8) are straightforward to compute as follows. The root lattice D8 is stably equivalent to the
rescaled hyperbolic plane II1,1(2) in the sense that there are unimodular lattices U1, U2 for which
U1 ⊕D8 ∼= U2 ⊕ II1,1(2), so there is an isomorphism of graded M∗(SL2(Z))-modules
J∗,D8,1
∼=M∗−4(ρ)
whereM∗(ρ) denotes modular forms which transform with respect to the (dual) Weil representation
attached to II1,1(2). We write such modular forms in terms of their components:
F = (F00, F01, F10, F11).
By a general result for Weil representations attached to rescaled hyperbolic planes (Proposition 3.4
of [Car12]) there is an isomorphism
M∗(ρ) ∼=M∗(SL2(Z))⊕M∗(Γ0(2)),
under which a pair of modular forms f1 ∈Mk(SL2(Z)), f2 ∈Mk(Γ0(2)) corresponds to the form
F00 = (f1 + f2)/2, F01 = (f1 − f2)/2, F10 = (f2|kS + f2|kU)/2, F11 = (F2|kS − F2|kU)/2,
where S =
(
0 −1
1 0
)
and U =
(
0 −1
1 1
)
.
A Jacobi form in Jk,D8,1 is O(D8)-invariant if and only if the corresponding modular form F has
equal components F01 = F10, and this is true if and only if the forms (f1, f2) as above satisfy
f1 = f2 + f2|kS + f2|kU.
In this way we obtain a natural isomorphism of graded M∗(SL2(Z))-modules
J
O(D8)
∗,D8,1
∼=M∗−4(Γ0(2))
which respects Fourier coefficients (on the right-hand side involving both cusps) and identifies the
two O(D8)-invariant Jacobi Eisenstein series of weights no less than 8 with the usual Eisenstein
series for Γ0(2).
Unfortunately, the lifts to orthogonal modular forms have unwieldy Fourier expansions (in ten
variables) and taking algebraic expressions in them to any significant precision involves an un-
manageable number of operations. It is inconvenient to work with these modular forms directly.
Our method is to instead restrict these lifts to certain embedded Siegel upper half-spaces which
correspond to Grassmannians of sublattices of II2,2⊕D8(−1) of signature (2, 3). These restric-
tions (called pullbacks) can be computed without first computing the lifts due to the commutative
diagrams
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J
O(D8)
k,D8,1
Jk,m
Mk(ΓC8) Mk(K(m))
liftlift
ev
pullback
where v ∈ D8 is any nonzero lattice vector of norm m, and ev denotes the map
ev : Jk,D8,1 −→ Jk,m, (evf)(τ, z) = f(τ, z · v),
and where K(m) is the paramodular group of degree two and level m, which is isomorphic to the
group S˜O
+
(II2,2⊕〈−2m〉). Any algebraic relation among the orthogonal Eisenstein series for D8
will be mapped to an algebraic relation among the pullbacks. By making a fortunate choice of
v, we hope to find that the pullbacks satisfy no relations in small weight and conclude that the
orthogonal Eisenstein series span the whole spaces of modular forms of small weights.
The orthogonal modular variety attached to O+(II2,2⊕D8(−1)) has two zero-dimensional cusps,
corresponding to the cosets of D8 in its dual lattice which have integer norm modulo the orthogonal
group. In particular, for every even k ≥ 8, we obtain two orthogonal Eisenstein series Ek,0 and Ek,1
(the additive lifts of the Jacobi Eisenstein series) corresponding to the cusps of the zero and nonzero
integer-norm cosets of D8, respectively. In addition, we let E4 and E6 be the additive lifts of the
holomorphic Jacobi forms which correspond to 1 ∈ M0(Γ0(2)) and 2E2(τ) − E2(2τ) ∈ M2(Γ0(2))
as above.
Proposition 5.1. The series
E4, E6, E8,0, E8,1, E10,0, E10,1, E12,0, E12,1, E14,0, E16,0, E18,0
satisfy no algebraic relations in weights less than 20.
Proof. We realized the D8 lattice concretely as Z
8 with bilinear form given by the Cartan matrix

2 −1 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0
0 −1 2 −1 0 0 0 0
0 0 −1 2 −1 0 0 0
0 0 0 −1 2 −1 0 0
0 0 0 0 −1 2 −1 −1
0 0 0 0 0 −1 2 0
0 0 0 0 0 −1 0 2

 ,
and we restricted the Jacobi Eisenstein series to the complex span of the vector
v = (4, 2, 3, 4, 1, 3, 2, 4)
of norm 24. (The choice of v is more or less arbitrary; roughly speaking, with larger-norm vectors
the computation is more likely to succeed and with smaller-norm vectors the computation is faster,
and we look for a balance between the two.) We computed enough Fourier coefficients of the
pulled-back Jacobi Eisenstein series f(τ, z) = E∗,∗(τ, z) to identify them uniquely, and used faster
methods for Jacobi forms of scalar index to compute their Gritsenko lifts to the paramodular group
K(24). Finally we checked by direct computation that the monomials in these lifts are linearly
independent in weights up to 20.
It is important to verify the correctness of this computation: incorrect computations at any
step in the above argument are very likely to produce series which are algebraically independent,
regardless of whether this is actually the case. To verify that the algorithm is correct, we computed
not only the Eisenstein series above, but all Eisenstein series (for both cusps) of weights up to and
including 20. We expect, then, to find unique expressions for these additional Eisenstein series in
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terms of the generators above. Indeed, our method yields unique expressions for them; for example,
we find
E14,0 + E14,1 = 1330560E
2
4 E6 + 2640E4(E10,0 + E10,1)− 11088E6(E8,0 + E8,1). 
From the above proposition, we derive a lower bound of dimMk(ΓC8) for k ≤ 18. By direct
calculation, we find that this lower bound coincides with the upper bound given in §3. As in
Corollary 4.3, when k ≤ 18, we have
dimMk(ΓC8) =
∞∑
r=0
dim J
w,O(D8)
k−12r,D8,r
, k ≤ 18.
Moreover, for any φ ∈ J
O(D8)
k,D8,m
(qm) with k ≤ 18, there exists a modular form of weight k on ΓC8
whose Fourier–Jacobi expansion begins φ·ξm+O(ξm+1). This confirms the existence of the modular
forms required in Assumption 4.1 for C8. We obtain the following theorem.
Theorem 5.2. The graded algebra of modular forms on O+(II2,2⊕D8(−1)) is freely generated by
the 11 orthogonal Eisenstein series E4, E6, E8,0, E8,1, E10,0, E10,1, E12,0, E12,1, E14,0, E16,0, E18,0.
5.2.2. The other cases. We have constructed the generators satisfying Assumption 4.1 for the root
system C8. We now construct the desired generators for other Cn, Dn and F4 as the pullbacks of
the C8 generators. We only do this for D8 and D7 because the other cases are similar. For the root
systems C8 and D8, we can choose the generators of Weyl invariant Jacobi forms of the following
form at the same time
D8 : φ0,D8,1, φ−2,D8,1, φ−4,D8,1, ψ−8,D8,1, φ−6,D8,2, φ−8,D8,2, φ−10,D8,2, φ−12,D8,2, φ−14,D8,2,
C8 : φ0,D8,1, φ−2,D8,1, φ−4,D8,1, ψ
2
−8,D8,1, φ−6,D8,2, φ−8,D8,2, φ−10,D8,2, φ−12,D8,2, φ−14,D8,2.
The choice means that all generators of the shape φ are invariant but ψ−8,D8,1 is anti-invariant
under the action of the odd sign change of coordinates of D8 ⊗ C. From the relation of the two
kinds of generators, we see at once that Assumption 4.1 holds for root system D8. We then obtain
the structure result for modular forms on ΓD8 = O˜
+
(II2,2⊕D8(−1)).
The root lattice D7 is a sublattice of D8. The generators of index 2 of W (D7)-invariant Jacobi
forms can be chosen as the pullbacks of the above φ−2k,D8,2. Note that the pullback of φ−14,D8,2 to
D7 is equal to the square of the unique W (D7)-invariant weak Jacobi form of weight −7 and index
1 up to a constant, and the pullback of ψ−8,D8,1 to D7 is identically zero. The first Fourier–Jacobi
coefficient of a pullback of an orthogonal modular form F is equal to the pullback of the first
Fourier–Jacobi coefficient of F . We then construct the desired generators corresponding to basic
Jacobi forms of index 2 as pullbacks. Thus Assumption 4.1 is satisfied for D7.
We next consider the case of F4. For W (F4)-invariant Jacobi forms, the generators ϕ−8,D4,2
and ϕ−12,D4,3 can be constructed as polynomial combinations of the generators of W (D4)-invariant
Jacobi forms. Therefore the corresponding desired modular forms can be constructed as the same
polynomial combinations of the basic orthogonal modular forms for D4. Hence Assumption 4.1
holds for F4.
5.3. The case of E6. The root lattice E6 has cyclic discriminant group of prime discriminant 3.
We let ρ denote the attached (dual) Weil representation and write out modular forms taking values
in ρ in components: F = (F0, F1, F2). By [BB03] there are isomorphisms in even weight:
J2∗,E6,1 = J
W (E6)
2∗,E6,1
∼=M2∗−3(ρ) ∼=M
+
2∗−3(Γ0(3), χ),
the latter space consisting of modular forms for the quadratic Nebentypus χ whose Fourier ex-
pansions are supported on quadratic residues. The latter isomorphism is simply F 7→ (F0(3τ) +
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F1(3τ) + F2(3τ))/3; its inverse maps f(τ) =
∑
n c(n)q
n ∈M+2∗−3(Γ0(3), χ) to( ∑
n≡0 (3)
c(n)qn/3,
1
2
∑
n≡1 (3)
c(n)qn/3,
1
2
∑
n≡1 (3)
c(n)qn/3
)
.
Also, one obtains all even-weight modular forms for ρ (and thus all odd-weight Jacobi forms)
through the isomorphism
M∗(SL2(Z))
∼
−→M∗+4(ρ), f 7→ (0, f · η
8,−f · η8),
where η(τ) = q1/24
∏∞
n=1(1− q
n) as usual. These observations make it possible to compute quickly
with Jacobi forms of index E6.
For even k ≥ 4 we denote by Ek the orthogonal Eisenstein series, obtained by lifting the Jacobi
Eisenstein series (which correspond as above to the usual Eisenstein series inM+k−3(Γ0(3), χ)). Also
we let M7 and M15 denote the (unique up to scalar multiple) additive lifts in weights 7 and 15,
which correspond to 1 and E8 = E
2
4 in M∗(SL2(Z)) under the isomorphism
M∗(SL2(Z))
∼
−→M∗+4(ρ)
∼
−→ J∗+7,E6,1.
Proposition 5.3. The series
E4, E6,M7, E10, E12,M15, E16, E18, E24
satisfy no algebraic relations in weights less than 40.
Proof. The argument is essentially the same as the D8 lattice. We realized E6 as Z
6 with quadratic
form given by the standard Cartan matrix

2 0 −1 0 0 0
0 2 0 −1 0 0
−1 0 2 −1 0 0
0 −1 −1 2 −1 0
0 0 0 −1 2 −1
0 0 0 0 −1 2


and evaluated the Jacobi forms above along the line through the norm 12 vector v = (3, 2, 0, 1, 1, 1)
(such that their Gritsenko lifts may naturally be interpreted as paramodular forms of level 12). We
found that the monomials in these Gritsenko lifts of weights less than 40 are linearly independent,
and verified the correctness of the algorithm by finding the Eisenstein series of weights 8, 14, 20 as
(unique) polynomials in the generators given above. 
Similarly to the case of D8, the above proposition implies that Assumption 4.1 holds for E6 so
we conclude the following result.
Theorem 5.4. The graded algebra of modular forms on O˜
+
(II2,2⊕E6(−1)) is freely generated by
the series E4, E6,M7, E10, E12,M15, E16, E18, E24.
Gritsenko and Nikulin constructed a cusp form of weight 120 on O˜
+
(II2,2⊕E6(−1)) with the
character det in [GN18, Theorem 4.3]. This form was constructed as the quasi-pullback of the
Borcherds form on II2,26 (see [Bor98]) and we denote it by Φ120,E6 . It is a strongly 2-reflective
Borcherds product; namely, its zero divisor is a sum of rational quadratic divisors associated to
vectors of norm −1 with multiplicity one:
Div(Φ120,E6) =
∑
l∈II2,2 ⊕E6(−1)
(l,l)=−2
l⊥.
By [GHS09, Corollary 1.8], O˜
+
(II2,2⊕E6(−1)) has only one nontrivial character (det) and
S˜O
+
(II2,2⊕E6(−1)) has no nontrivial characters. It is easy to check that every modular form
12
on O˜
+
(II2,2⊕E6(−1)) with character det vanishes on the 2-reflective divisor. Thus we have
(5.1) Mk(O˜
+
(II2,2⊕E6(−1)),det) = Φ120,E6 ·Mk−120(O˜
+
(II2,2⊕E6(−1)).
We can also construct Φ120,E6 using the Rankin-Cohen-Ibukiyama type differential operator (see
[AI05, Proposition 2.1] for the original version for Siegel modular forms, and [Klo05, Proposition
2.14]) or [DKW19, Proposition 5.6] for the version for orthogonal modular forms). The Rankin-
Cohen-Ibukiyama type differential operator of our nine generators gives a modular form of weight
120 with character det, which must equal Φ120,E6 up to a constant.
There is another interesting Borcherds product on O˜
+
(II2,2⊕E6(−1)). We use the invariant
version of Borcherds product in the context of Jacobi forms (see [Gri18, Theorem 4.2]). The
Borcherds product of the uniqueW (E6)-invariant weak Jacobi form of weight 0 will give a modular
form of weight 45 on O˜
+
(II2,2⊕E6(−1)).
5.4. The case of E7. The lattice index E7 admits nonzero Jacobi forms only in even weight, and
via the theta decomposition one obtains an isomorphism
J2∗,E7,1
∼
−→M2∗−7/2(ρ)
∼
−→M2∗−7/2(Γ0(4)),
first to modular forms which transform with respect to the Weil representation ρ attached to the
rank-one lattice generated by a vector of norm one, and then to the Kohnen plus spaces of level
Γ0(4), i.e. modular forms
∑∞
n=0 c(n)q
n of half-integral weight for which c(n) = 0 unless n ≡ 0, 1
mod 4. The passage to Kohnen’s plus space is through the correspondence(∑
n∈N
c(n)qn,
∑
n∈N+1/4
c(n)qn
)
∈M∗(ρ)↔
∑
n≡0,1 (4)
c(n/4)qn ∈M+∗ (Γ0(4)).
The Jacobi Eisenstein series of index E7 and weight k correspond through the previous paragraph
to Cohen’s [Coh75] half-integral weight Eisenstein series. In particular their Fourier coefficients are
generalized Hurwitz class numbers. We denote by Ek the orthogonal Eisenstein series obtained from
these as lifts. (It is convenient to refer to θ(τ) = 1 + 2q + 2q4 + ... as the Cohen Eisenstein series
of weight 1/2, corresponding to the orthogonal form E4.
Proposition 5.5. The series
E4, E6, E10, E12, E14, E16, E18, E22, E24, E30
satisfy no algebraic relations in weights less than 40.
Proof. This is the same argument that we used for the root lattices D8 and E6. We realize E7 as
Z7 with Gram matrix 

2 0 −1 0 0 0 0
0 2 0 −1 0 0 0
−1 0 2 −1 0 0 0
0 −1 −1 2 −1 0 0
0 0 0 −1 2 −1 0
0 0 0 0 −1 2 −1
0 0 0 0 0 −1 2


and evaluated the Jacobi Eisenstein series in their abelian variable along the line through the norm
12 vector v = (3, 2, 0, 1, 1, 1, 1). We found that the monomials in the resulting Gritsenko lifts of
weights less than 40 are linearly independent, and we verified the correctness of the algorithm
by actually computing the lifts of all Eisenstein series of weights up to 30 and expressing them
(uniquely) through the generators in the claim. 
We note that W (E7) = O(E7) and O
+(II2,2⊕E7(−1)) = O˜
+
(II2,2⊕E7(−1)).
Similarly, we have the following result.
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Theorem 5.6. The graded algebra of modular forms on O+(II2,2⊕E7(−1)) is freely generated by
the 10 orthogonal Eisenstein series E4, E6, E10, E12, E14, E16, E18, E22, E24, E30.
Gritsenko and Nikulin also constructed a strongly 2-reflective cusp form of weight 165 on
O+(II2,2⊕E7(−1)) with the character det in [GN18, Theorem 4.3]. We denote it by Φ165,E7 . This
form is equal to the Rankin-Cohen-Ibukiyama type differential operator of our ten generators up
to a constant.
By [GHS09, Corollary 1.8], O+(II2,2⊕E7(−1)) has only one nontrivial character, namely det,
and SO+(II2,2⊕E7(−1)) has no nontrivial characters. Similarly,
(5.2) Mk(O
+(II2,2⊕E7(−1)),det) = Φ165,E7 ·Mk−165(O
+(II2,2⊕E7(−1))).
There is also another interesting Borcherds product on O+(II2,2⊕E7(−1)). The Borcherds prod-
uct of the uniqueW (E7)-invariant weak Jacobi form of weight 0 will give a modular form of weight
44 on O+(II2,2⊕E7(−1)).
We end this paper with two remarks.
Remark 5.7. The approach in the present paper does not apply to the other root systems in
Wirthmu¨ller’s theorem. The reason is that for other root systems there are some generators φ of
index 1 of Weyl invariant weak Jacobi forms such that ∆φ is not a holomorphic Jacobi form. In
these cases the additive lift of ∆φ is not holomorphic (see [Bor98, Theorem 14.3]).
Remark 5.8. The bigraded ring ofW (E8)-invariant weak Jacobi forms is not a free algebra [Wan18]
so the methods of this paper also do not apply to the E8-lattice. However, it was announced in
[HU14] that the graded ring of modular forms on O+(II2,2⊕E8(−1)) is freely generated by forms
of weights 4, 10, 12, 16, 18, 22, 24, 28, 30, 36, 42. Assuming the structure result of [HU14], it was
shown in [DKW19] that the generators can be constructed as the additive lifts of Jacobi Eisenstein
series.
The proof of Theorem 1.2 is finished. We formulate the groups ΓR and the weights of generators
in the following theorem. The group O+1 (II2,2⊕D4(−1)) is defined in §5.2.
Theorem 5.9. For the arithmetic groups in the tables below, the graded rings of modular forms
are free on generators of the given weights.
Table 2: Some free algebras of orthogonal modular forms
Root system Group Weights of generators
A1 O
+(II2,2⊕A1(−1)) 4, 6, 10, 12.
A2 O˜
+
(II2,2⊕A2(−1)) 4, 6, 9, 10, 12.
B2 O
+(II2,2⊕2A1(−1)) 4, 6, 8, 10, 12.
G2 O
+(II2,2⊕A2(−1)) 4, 6, 10, 12, 18.
A3 O˜
+
(II2,2⊕A3(−1)) 4, 6, 8, 9, 10, 12.
B3 O
+(II2,2⊕3A1(−1)) 4, 6, 6, 8, 10, 12.
C3 O
+(II2,2⊕A3(−1)) 4, 6, 8, 10, 12, 18.
A4 O˜
+
(II2,2⊕A4(−1)) 4, 6, 7, 8, 9, 10, 12.
B4 O
+(II2,2⊕4A1(−1)) 4, 4, 6, 6, 8, 10, 12.
C4 O
+
1 (II2,2⊕D4(−1)) 4, 6, 8, 10, 12, 16, 18.
D4 O˜
+
(II2,2⊕D4(−1)) 4, 6, 8, 8, 10, 12, 18.
F4 O
+(II2,2⊕D4(−1)) 4, 6, 10, 12, 16, 18, 24.
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Table 3: Some free algebras of orthogonal modular forms,
continued
Root system Group Weights of generators
A5 O˜
+
(II2,2⊕A5(−1)) 4, 6, 6, 7, 8, 9, 10, 12.
C5 O
+(II2,2⊕D5(−1)) 4, 6, 8, 10, 12, 14, 16, 18.
D5 O˜
+
(II2,2⊕D5(−1)) 4, 6, 7, 8, 10, 12, 16, 18.
A6 O˜
+
(II2,2⊕A6(−1)) 4, 5, 6, 6, 7, 8, 9, 10, 12.
C6 O
+(II2,2⊕D6(−1)) 4, 6, 8, 10, 12, 12, 14, 16, 18.
D6 O˜
+
(II2,2⊕D6(−1)) 4, 6, 6, 8, 10, 12, 14, 16, 18.
E6 O˜
+
(II2,2⊕E6(−1)) 4, 6, 7, 10, 12, 15, 16, 18, 24.
A7 O˜
+
(II2,2⊕A7(−1)) 4, 4, 5, 6, 6, 7, 8, 9, 10, 12.
C7 O
+(II2,2⊕D7(−1)) 4, 6, 8, 10, 10, 12, 12, 14, 16, 18.
D7 O˜
+
(II2,2⊕D7(−1)) 4, 5, 6, 8, 10, 12, 12, 14, 16, 18.
E7 O
+(II2,2⊕E7(−1)) 4, 6, 10, 12, 14, 16, 18, 22, 24, 30.
C8 O
+(II2,2⊕D8(−1)) 4, 6, 8, 8, 10, 10, 12, 12, 14, 16, 18.
D8 O˜
+
(II2,2⊕D8(−1)) 4, 4, 6, 8, 10, 10, 12, 12, 14, 16, 18.
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